In this note we obtain asymptotic formulae for the sum of the m-th powers (m ≥ 0) of the positive integers not exceeding x such that their greatest prime factor is greater than x/k, where k ≥ 2 is a fixed positive integer.
Introduction
Let k ≥ 2 a fixed positive integer. Let β k (x) be the set of positive integers n not exceeding x such that in their prime factorization appear some prime p pertaining to the interval x k , x . That is, β k (x) is the set of positive integers n not exceeding x such that the greatest prime factor of these positive integers pertain to the interval x k , x . Let B k (x) be the number of elements in the set β k (x).
Let m be a fixed nonnegative integer and let B k,m (x) be the sum of the m-th powers of the positive integers n pertaining to the set β k (x). In this note we obtain asymptotic formulae for B k,m (x). In a previous article [2] we study the case m = 0 and obtained the asymptotic formula
The following lemma is a consequence of the prime number theorem (see either [1] or [3] ). 
where p denotes a positive prime.
Note that if m = 0 equation (2) becomes the Prime Number Theorem. That is, S 0 (x) = π(x), where π(x) is the prime counting function. Let s be a nonnegative integer. It is well-known that there exists a polynomial P s (N) of degree s + 1 and leading coefficient 1/(s + 1) such that
For example, we have
Main Results

Theorem 2.1 The following formula holds
where
Proof. Let k ≥ 2 be a fixed positive integer. Consider the inequality
where p denotes a positive prime number.
The number of multiples of p not exceeding x is 1, namely p, since p ≤ x and 2p > x. Consequently the sum of the m-th powers of multiples of p not exceeding x such that p satisfies (6) is
Consider the inequality
The number of multiples of p not exceeding x is 2, namely p and 2p, since 2p ≤ x and 3p > x. Consequently the sum of the m-th powers of multiples of p not exceeding x such that p satisfies (8) is
. . .
Consider the inequality
The number of multiples of p not exceeding x is k−1, namely p, 2p, . . . , (k−1)p, since (k −1)p ≤ x and kp > x. Note that p is the maximum prime factor in the prime factorization of the numbers p, 2p, . . . , (k − 1)p, since p > k (see above). Consequently the sum of the m-th powers of multiples of p not exceeding x such that p satisfies (10) is
Therefore, see (7), (9), . . ., (11), we have
Equation (2) implies
Equations (12), (13) and (3) give
Finally, equations (2) and (14) give equation (4). Equation (4) is proved. The theorem is proved.
Note that if m = 0 then equation (4) becomes equation (1).
Application to Smooth Numbers
Let k ≥ 2 be a fixed positive integer. Let α k (x) be the set of numbers n not exceeding x such that in their prime factorization only appear primes p pertaining to the interval 0,
. We assume that 1 pertains to the set α k (x). These numbers are called smooth numbers.
Note that the sets α k (x) and β k (x) are disjoints and α k (x) ∪ β k (x) = A, where A is the set of positive integers n such that 1 ≤ n ≤ x .
Let A k (x) be the number of elements in the set α k (x). Consequently
Let m be a fixed nonnegative integer and let A k,m (x) be the sum of the m-th powers of the positive integers n pertaining to the set α k (x). Therefore A k,0 (x) = A k (x). We have the following theorem.
Theorem 3.1 The following formula holds
Proof. We have
Now
and
where 0 ≤ (x) < 1. Hence (see (17) and (18))
Equation (15) is an immediate consequence of equations (16), (19) and (4). The theorem is proved.
Corollary 3.2 The following asymptotic formula holds
Hence A k (x) ∼ x. That is, the smooth numbers have density 1.
Note: The asymptotic formula A k (x) ∼ x was established in [2] .
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